
M closed oriented 3-manifold

I foliation by subsurfaces.
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1 Suppose UIL
not

nullhomotopic.

But 8 nullhomotopic
inside MslidinLet DGM disk bounded

L

Let's do Morse theory on D with the

leaves of if instead of levelsets of a function.
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I consists of some local max/min/saddle.
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ofmust contain a local max/min since,

1 =N(D2) =#max-Asaddle
+#min

by Poincare - Hopf-

In a small bad of such a max/min,

the picture mustlook a follows
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if we can keep pushing, we
would be

able to homotope) to
a disk in

LCD,

fixing 2D =2

=>I would bound a disk in L.

: Ker (5,L ->π,M) would be trivial, done.

· Whatobstructs us from pushing inword?

(a) Further critical points in 1
other than

the max/min we started pushing from.

(b) Even if Iunique max/min, the following
can occur:



*
M =s'xD 2 (solid trous)

8 =Reeb foliation
D =meridion disk (green)

Lemma: (b) cannot occur ifit in tact.

We need the following theorem:

Sullivan):i is a tantfoliation
on M

> Ia metric gon
Ms.t. the leaves (of

of are minimal surfaces in M.



Pf ofLemma:

Suppose
LoCM is a leaf of i

to a componentof
DnLo, a leaf of t

=To, 1] be a transverse
arc to the foliation

with parameter obs1
st.s =0 lies in Lo.

It
is be the leaf passing through

he

the points is on i.

Let us be components of
DnLs (hence leaves

of(i) s.t.9ts3.ss1
continuously varying.
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Suppose is bounds a disk in Ls, Foss<1.

We shall prove Ibounds
a disk in 21

Use the metric on M coming from
Sullivan's

Theorem. Is are minimal surfaces
in M

LetD, <Ls be the minimal
area disk in Is

bounding ts (F01s< 1).
Then, by isoperine,

area (Ns) I const. length (es)"

Const.

:Its are a familyof minimal disks of

bounded area.



Sacks-Uhlenbeck (?) compactness
->

We converge
to a disk be with bubbles.

Bubbles can be ignored
as we are only interested

in pointwise limit.

&, CL, and 22,
=e,. (.:pointwise

limit)

↳
So, situation (b) is impossible. El

It remains to deal with situation (a)
which

willoccur in general.



Case - i Case -in
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↓ modify
↓modify

EEl
j :
In case (i), push-in the

subdisk corresponding

tothe 1stmaximum,
smoother and proceed.

In case (ii), proceed from
the minimum.


